Comparison theorems on resistance distances and Kirchhoff indices of the so-called S-& T -isomer graphs are established. Then these results are applied to compare Kirchhoff indices of hexagonal chains, showing that the straight chain is the unique chain with maximum Kirchhoff index, whereas the minimum Kirchhoff index is achieved only when the hexagonal chain is an ''all-kink'' chain.
Introduction
The resistance distance is a novel distance function (or metric) on a graph recognized a few decades ago [44] [45] [46] 25, 19, 32, 4] . The term resistance distance was used because of the physical interpretation: one imagines unit resistors on each edge of a connected graph G = (V (G), E(G)) and takes the resistance distance between vertices i and j of G to be the net effective resistance between them, denoted by Ω G (i, j). Recalling the long recognized shortest-path distance function d G which is defined for i, j ∈ V (G) as the length d G (i, j) of the shortest path connecting i & j, it has been shown that [32] Ω
with equality if and only if i and j are connected by a single path. The Kirchhoff index [32] (or total effective resistance [14] , effective graph resistance [10] ) of G is defined as the sum of resistance distances between all pairs of vertices,
Beside being an intrinsic graph metric and an important component of electrical circuit theory, resistance distance also has a variety of chemical applications. For example, resistance distance seems to be more relevant than the shortest path distance to characterize the wave-like chemical communication in molecules, and structure descriptors based on resistance distance, like the Kirchhoff index, have played important roles in the study of QSPR/QSAR. So resistance distance and the Kirchhoff index have been extensively studied in mathematical, physical, and especially chemical literatures. For more information, the readers are referred to [31, [28] [29] [30] 22, 63, 62, 2, 3, 47, 5, 6, 51, 52, 50, 48, 49, 8, 12, 13, [59] [60] [61] and references therein.
In chemistry, isomers (or more precisely structural isomers) are compounds with the same molecular formula but different structural formulas. That is, different isomers of a common molecular formula correspond to nonisomorphic (connected) graphs (of the same numbers of vertices & edges). The concept of S-& T -isomers, introduced by Polansky and Zander [43] in 1982, entails a pair of graphical moieties A, B doubly interconnected in two different ways as in Fig. 1 . They argued that these S-& T -isomers had a special relationship in their molecular-orbital (MO) energies, which was later proved (at the level of approximation using the graph-theoretic adjacency matrix, of Hückel MO theory), and the relation was tested [38] under a less severe (MO) approximation. A modicum of mathematical work ensued [24, 18, 40, 17, 20] -still within the MO framework. Another resonating valence-bond approach gave [64, 65] complementary refinements. From then on, a variety of research [21, 58, [55] [56] [57] 9, 54, 35, 34, 36, 53, 16, 41, 42, 33, 39, 27, 23, 37] has been devoted to the study of topological properties of (various different types of) S-& T -isomers.
Here we study resistance distances and Kirchhoff indices of the S-& T -isomers as shown in Fig. 1 (which may be formed from two moieties A & B by respectively connecting edge pairs {ux, vy} and {uy, vx}). We compare results for the Kirchoff-index graph invariant for such S-& T -isomers, ultimately with focus on the special case of ''hexagonal chains'' (which generally manifest a multiplicity of choices for the A & B moieties). A connected graph is called 2-connected if it cannot be disconnected by removing less than 2 vertices. A hexagonal system is regarded as a 2-connected plane graph in which every finite face is a regular hexagon. Hexagonal systems are of great importance for theoretical chemistry because they are the natural graph representation of benzenoid hydrocarbons. A hexagonal chain is a hexagonal system with the properties that (a) it has no vertex belonging to three hexagons, and (b) it has no hexagon adjacent to more than two hexagons. Hexagonal chains are the graph representations of the so-called unbranched catacondensed benzenoids. For example, some S-& T -isomers of hexagonal systems are given in Fig. 2 .
In this paper, the comparison result on Kirchhoff indices of S-& T -isomers is then applied to different hexagonal-system chains, to characterize those with extremal Kirchhoff indices -the result being found to correlate with high chemical reactivity.
Comparison theorems on resistance distances and Kirchhoff indices of S, T -isomers
Let G be a connected graph. An edge cut of G is a set of edges that, if removed from G, disconnects the graph; and a minimal edge cut is an edge cut none of whose nonempty proper subsets is an edge cut. If e is an edge of G, we denote by G − e the graph obtained from G by deleting the edge e. More generally, if S is a set of edges in G, we denote by G−S the graph obtained by deleting the edges in S.
It has been shown in [49] that if G has a minimal 2-edge cut C = {ux, vy} ⊂ E(G) with A and B being the two components of G − C such that u, v ∈ V (A) and x, y ∈ V (B), then resistance distances in G may be expressed in terms of resistance distances in A and B as to be given in Theorem 2.1. For convenience, we denote resistance distances between p and q in A∪B by Ω ′ (p, q) -it being noted that, since A∪B is disconnected, the resistance distance between any two vertices p, q ∈ V (G 1 ∪G 2 ) is not equal to infinity, only when p, q ∈ V (A) or p, q ∈ V (B). 
1) whereas if p is in A and q is in B, then
2)
Now we are ready to compare resistance distances and Kirchhoff indices for S & T .
Theorem 2.2. For any two vertices
3)
Proof. Note first that C 1 = {ux, vy} and C 2 = {uy, vx} are respectively minimal 2-edge cuts of S and T , with A and B being the two components of S − C 1 (also T − C 2 ). Note also that
Hence by Eq. (2.1) of Theorem 2.1, if p, q ∈ V (A), we have 
and
where 
Substituting a 1 , a 2 , b 1 , b 2 and c back into the above equation, we have
It is natural to use the above comparison result on resistance distances to compare Kirchhoff indices of S, T -isomers. For convenience, for a connected graph G and k ∈ V (G), we define the resistive eccentricity index of k, denoted by Ω G (k), as the sum of resistance distances between k and all the other vertices of G, that is
Then the comparison result on Kirchhoff indices of S, T -isomers is given in the following theorem. Fig. 1 . Then
Theorem 2.3. Let S, T , A, B, u, v, x, y be as in
Proof.
Hexagonal chains with extremal Kirchhoff indices
Topological properties of S-& T -isomers are not only of theoretical significance, but also have a variety of applications. In this section, we use the comparison theorem on Kirchhoff indices of S-& T -isomers to characterize extremal hexagonal chains with respect to the Kirchhoff index.
First we give our notations to describe a hexagonal chain. Let n be a non-negative integer and denote by P n the path with n vertices. Take the chain P n+3 × P 2 , which is (n + 2) squares connected edgewise together. Let S = {−, 0, +} n = (s 1 , s 2 , . . . , s n ) be a ternary n-string; we will add two vertices to each square making it into a hexagon such that (j + 1)th hexagon will have 0, 1, or 2 vertices on the top row according to s j = −, 0, or +. We denote this hexagonal chain by H(S). 
By the definitions of Ω A (u) and Ω A (v), we have
Let w be the unique neighbor of v in A. Then for any k ∈ V (A) \ {u, v}, we have
While on the other hand, by the fact that Ω A (u, w) < d A (u, w) = 1 since v and w are connected by more than one path in A, we have
By the same argument, we could conclude that In fact, by the proof of Theorem 3.1, we know that if a hexagonal chain is not straight, then the process of removing ''kinks'' in the hexagonal chain may be iterated, each time increasing the Kirchhoff index, till finally arriving at the straight ''unkinked'' chain. Hence as an immediate consequence of Theorem 3.1, we have Notably the hexagonal chain which is generally recognized [7] to be the chemically least stable of all hexagonal chains has been singled out by this theorem. This minimum stability also correlates to a commonly accepted graph-theoretic indicator of lower stability, namely the chain having the least number of Kekule structures (i.e., dimer coverings)-and this is readily seen to occur for the straight chain when one looks at the algorithm of Gordon & Davison [15] .
Since the Kirchhoff index of the straight chain with n hexagons L n has been computed in [51] as follows: chain, then the process of adding ''kinks'' in the hexagonal chain may be iterated, each time reducing the Kirchhoff index, till finally arriving at an ''all-kink'' chain. Hence we have
Theorem 3.4. Among all hexagonal chains, the minimum Kirchhoff index is attained only when the hexagonal chain is an ''allkink'' chain.
Notably the hexagonal chains which are generally recognized [7] to be the chemically most stable are the ''all-kink'' ones, as also correlates to those with the most Kekule structures, again as follows from the Gordon-Davison algorithm [15, 26] . Further the all-kink chains are precisely those hexagonal chains manifesting [1] another advocated criterium [11] for special stability: that of having a Kekule structure in which every hexagon manifests a conjugated 6-circuit. Neither the Kekule-structure count nor such an optimal Kekule structure distinguishes the different all-kink hexagonal chains, though perhaps the Kirchoff index will prove to do so.
